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Abstract
We show that macroscopic heterotic strings, formulated as strings which wind around
a compact direction of finite but macroscopic extent, exhibit non-trivial scattering at low
energies. This occurs at order velocity squared and may thus be described as geodesic
motion on a moduli space with a non-trivial metric which we construct. Our result is in
agreement with a direct calculation of the string scattering amplitude.
5/93
Non-relativistic scattering or bound-state problems involving two massive particles
are conventionally studied by solving the Schro¨dinger equation with the relevant two-body
potential. The inclusion of relativistic corrections in a systematic way requires the use
of quantum field theory, where, in the words of [1] “Accurate predictions require some
artistic gifts from the practitioner”. Thus phenomena which would be difficult to study
directly in quantum field theory may be analyzed more simply by use of the Schro¨dinger
equation, particularly when tunneling is involved. In string theory we know how to calcu-
late scattering amplitudes for particular modes of the string, but these typically are either
massless or massive with lifetimes of order the Planck time and so there is no limit in
which their interaction can be described by the Schro¨dinger equation. A simple method of
obtaining massive stable states in string theory is to compactify the theory on a non-simply
connected space and to look at string states with non-zero winding number. The inter-
action of such states at low velocities should be amenable to a non-relativistic treatment
which potentially contains information not directly visible in string perturbation theory.
In this paper we will make a first step in this direction by constructing the non-relativistic
Lagrangian which describes the interaction of string states wound around a circle.
In certain special systems, often related to supersymmetry, the static force between
two massive particles or solitons vanishes due to cancellation of forces generated by ex-
change of particles of different spin. This is known to be the case for the string winding
states we will consider [2,3]. In this situation it is still possible to study non-relativistic
scattering and bound state problems, but now there is no static potential and the Lapla-
cian appearing in the Schro¨dinger equation should be constructed using the metric on the
two particle “moduli space”.
To illustrate this consider a complex massive scalar Φ coupled to a massless scalar φ
and a massless vector field Aµ with Lagrangian
LS+V = −1
4
FµνF
µν + (DµΦ)
∗(DµΦ)−m2Φ∗Φ+ 1
2
∂µφ∂
µφ− 2mfφΦ∗Φ (1)
withDµ = ∂µ−ieAµ. The tree-level t-channel contribution to the invariant matrix element
for ΦΦ→ ΦΦ scattering is then
iMt = ie
2
t
(2s− 4m2 + t)− 4im
2f2
t
(2)
with s, t, u the usual Mandelstam invariants. Near threshold s ∼ 4m2, t ∼ 0 and we see
that the static force vanishes if e2 = f2. Assuming this to be the case, we find
iMt = ie2 (2s− 8m
2)
t
+ ie2. (3)
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If we wish to use (3) to calculate the non-relativistic differential cross-section for
scattering at large impact parameter (and hence at small angles) then we can drop the last
term (which gives rise to a contact interaction) and take the non-relativistic limit to find
dσ
dΩ
=
|M|2
64π2s
→ e
4
64π2m2 sin4(θ/2)
(4)
where θ is the scattering angle in the center of mass frame.
If we generalize (1) to include coupling to gravity as well with
SS+V+G =
∫
d4x
√−g
(
R
16πG
+ LS+V
)
(5)
then including graviton exchange we find for the t-channel contribution
iMt = i
t
[− f2(4m2) + e2(2s− 4m2 + t)
− 16πG(m4 − 2m2s−m2t+ s2/2 + st/2)]. (6)
The static force now cancels if
−f2 + e2 − 4πGm2 = 0, (7)
and if
e2 = 16πGm2 (8)
then the O(v2) force (and the contact terms) will also vanish. In this case exchange of
massless fields leads to a flat metric on moduli space. This happens e.g. for the Kaluza-
Klein monopole [4] and for the neutral fivebrane [5,6].
To describe theories in which the static force vanishes in the language of non-
relativistic quantum mechanics we should first derive the Lagrangian which governs the
interaction of slow-moving particles and then quantize the resulting theory. Since the static
potential vanishes, it is crucial to include interactions up to quadratic order in velocities.
This may be done by calculating the appropriate retarded potential seen by one particle
due to the motion of the other. Assuming the particles have equal electric charge e and
mass m this leads to [7]
L = 1
2
mv21 +
1
2
mv22 −
e2
8πr
(~v2 − ~v1)2 (9)
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where ~r is the separation of the two particles. The Lagrangian (9) is a generalization of
the Darwin Lagrangian of electromagnetism [8]. Note that back-reaction effects due to
radiation are higher order in v/c and hence may be dropped to this order.
It is useful to think of the Lagrangian (9) as describing motion on the “moduli space”
R3⊗(R3−{0}) of two-particle configurations with the metric for the center of mass motion
being flat, and the metric for the relative motion given by
gij =
(
m
4
− e
2
8πr
)
δij . (10)
The quantum problem involves study of the Schro¨dinger equation constructed using the
Laplacian for the metric (10) and may be used to study phenomena beyond the simple
Born approximation scattering given by (4).
This language is more commonly used to describe soliton scattering [9]. In particular,
the scattering of BPS monopoles has been treated in some detail [10,11]. The two-monopole
moduli space has the form
M = R3 ×
(
S1 ×MAH
Z2
)
(11)
where R3 × S1 labels the center of mass and an angle which specifies the total electric
charge. MAH is a four-dimensional manifold whose points label the relative separation of
the monopoles and a relative phase. MAH has a hyperka¨hler and hence self-dual metric
which has been determined explicitly by Atiyah and Hitchin [10]. For scattering at large
impact parameter the Atiyah-Hitchin metric reduces to a singular form of the Euclidean
Taub-Nut metric. The Taub-Nut approximation is precisely what is found by generalizing
the Lagrangian (9) to the scattering of both magnetically and electrically charged dyons
in the BPS limit [7], and in fact the differential cross-section (4) agrees with that found
for pure monopole scattering in the Taub-Nut approximation in [11].
Although particle and soliton scattering can both be described this way, there are
some important differences. Solitons occur as non-singular and non-perturbative solutions
to the classical field equations and the soliton moduli space metric is complete and non-
singular. Although in practice it has been determined indirectly, in principle the soliton
moduli space metric is determined by the kinetic part of the Lagrangian of the underlying
field theory. Point particles on the other hand give rise to singular solutions of the classical
field equations with the singularities determined by source terms in the usual way. There
is no apparent reason why the particle moduli space metric should be non-singular.
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We would now like to apply the above ideas to heterotic string theory. It is known
that macroscopic heterotic strings also have vanishing static force between parallel strings
of the same orientation [2,3]. In conventional string theory macroscopic heterotic strings
occur as states in the first-quantized spectrum and lead to singular solutions of the massless
field equations, much as an electron does in electrodynamics. On the other hand, there
has been speculation that fundamental strings might appear as solitons in some “dual”
formulation of the theory [2,3,12,13,14]. It might then be expected that the moduli space
metric we construct is only an approximation to some non-singular metric arising in the
dual formulation, much as Taub-Nut is an approximation to the Atiyah-Hitchin metric.
In light of the previous discussion it is therefore of some interest to determine the
metric on the moduli space MHS of macroscopic heterotic string configurations. The
metric on MHS has been studied in previous work [5,15] where it was found to be flat,
much like the Kaluza-Klein monopole [4] or the neutral fivebrane [6]. There are several
differences between this work and that of [5] and [15]. First of all, in a direct calculation
of the string amplitude it is important to use the heterotic string rather than the bosonic
string, and to look at the behavior near t ∼ 0 rather than as t → −∞. This leads to a
vanishing static force for identical heterotic strings, but a non-zero interaction at order v2,
while bosonic strings feel a non-zero static force. Secondly, we will argue that the metric
on MHS to leading order in (2πR)−1 (the inverse of the length of the string) is flat in
agreement with [5], but that there is a subleading term which is non-trivial. It is therefore
important to do the calculation with R finite and to consider the limit R→∞ only at the
end of the calculation.
In order to study the metric on MHS we first examine the string 4-point amplitude.
We then derive the string analog of the Darwin Lagrangian (or Lorentz-Droste-Fichtenholz
Lagrangian in the case of gravity) which governs the motion of two parallel macroscopic
strings to order v2 and from this extract the asymptotic form of the metric on MHS .
To describe macroscopic string states in ten spacetime dimensions we follow the usual
procedure of taking one of the spatial coordinates, say X9, to be a coordinate on a circle
of radius R and to consider string states with non-zero winding about this circle. For the
heterotic string the ground state in the winding number one sector also has one unit of
momentum along the string and is in the right-moving ground state [2]. The right-moving
ground state consists of a spacetime vector plus spinor. We focus on the vector state, in
which case the winding state is described by a polarization vector ζµ with ζµk
µ
R = 0.
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The string coordinates can be written as
X0 = Mˆτ, X9 = (
τ
R
+ 2Rσ), X i = 0, (12)
where (τ, σ) are world-sheet coordinates and Mˆ2 = 4(R − 1/2R)2. The scattering of two
such states is described by incoming left- and right-moving momenta
pµ1L,R = (
1
2
pˆµˆ1 ,
1
2R
±R), pµ2L,R = (
1
2
pˆµˆ2 ,
1
2R
±R), (13)
and outgoing momenta
pµ3L,R = (
1
2
pˆµˆ3 ,−
1
2R
∓R), pµ4L,R = (
1
2
pˆµˆ4 ,−
1
2R
∓R), (14)
where the pˆ are nine-dimensional momenta which in the center of mass frame take the
form
pˆµˆ1 = E(1, ~v), pˆ
µˆ
2 = E(1,−~v), pˆµˆ3 = −E(1, ~w), pˆµˆ2 = −E(1,−~w), (15)
with |~v| = |~w| ≡ v, ~v · ~w = v2 cos θ, and E2(1 − v2) = Mˆ2. It is also useful to define the
nine-dimensional Mandelstam invariants
sˆ ≡ −(pˆ1 + pˆ2)2 ∼ 4Mˆ2(1 + v2 + · · ·)
tˆ ≡ −(pˆ2 + pˆ3)2 ∼ −2Mˆ2v2(1 + cos θ) + · · ·
uˆ ≡ −(pˆ1 + pˆ3)2 ∼ −2Mˆ2v2(1− cos θ) + · · ·
(16)
where we have also given their asymptotic behavior for small velocities.
It is now straightforward to calculate the 4−point string amplitude using the tech-
niques described in [16,17] with the result
A4 ∝ Γ(3 + Mˆ
2/2− sˆ/8)Γ(−tˆ/8)Γ(−uˆ/8)
Γ(2 + Mˆ2/2− sˆ/8− tˆ/8)Γ(1− tˆ/8− uˆ/8)Γ(2 + tˆ/8)K(1, 2, 3, 4) (17)
where K(1, 2, 3, 4) is a kinematic factor familiar from the open superstring,
K = − 1
64
[
tˆ(sˆ− 4Mˆ2)(ζ1 · ζ3)(ζ2 · ζ4) + uˆ(sˆ− 4Mˆ2)(ζ2 · ζ3)(ζ1 · ζ4)
+tˆuˆ(ζ1 · ζ2)(ζ3 · ζ4) + · · ·
] (18)
where we have not indicated terms in K which vanish when the polarization vectors are
all taken to be transverse to both the string and the plane of scattering.
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As pointed out in [5] for the analogous amplitude in bosonic string theory, (17) vanishes
for all but forward or backward scattering in the limit R → ∞ with v2 fixed due to the
usual high-energy behavior of string amplitudes. However if we wish to study scattering
at large impact parameter and low velocities we can also consider taking R large but with
Rv ∼ 1. In particular, if |tˆ| ≤ 1 then the scattering will be dominated by the tˆ = 0 and
uˆ = 0 poles of (17), i.e. by massless particle exchange. In this limit we find
A4 ∼ 1
uˆtˆ
K ∼− sˆ− 4Mˆ
2
tˆ
(ζ2 · ζ3)(ζ1 · ζ4)− sˆ− 4Mˆ
2
uˆ
(ζ1 · ζ3)(ζ2 · ζ4)
+ (ζ1 · ζ2)(ζ3 · ζ4) + · · · .
(19)
Since (sˆ − 4Mˆ2) is order v2 we see that the static long range force does cancel, but that
there is a residual interaction of order v2. Note also that the leading terms in (19) are
independent of R. A similar calculation for winding states in the bosonic string shows
that they do not satisfy a no-force condition, presumably because the tachyon modifies
the solution of [3]. The analogous calculation for macroscopic type II superstrings shows
that both the constant and the order v2 terms cancel, indicating both a vanishing static
potential and a flat moduli space. Thus the heterotic string occupies a unique position in
having no static force, but yet having a non-trivial metric on the two string moduli space.
We would now like to show that this result is in agreement with a direct evaluation of
the metric on moduli space for scattering at large impact parameter. We can thus focus
on interactions mediated by the massless modes of the string. The massless fields outside
the macroscopic string configuration given by (12) may be found by solving the equations
of motion which follow from the spacetime Lagrangian
S =
∫
d10xe−2φ
(
R+ 4(∂φ)2 − 1
3
H2
)
+ Sσ (20)
with the source term Sσ constructed out of the string sigma-model action
Sσ = − 1
2π
∫
d2σ
(√
−hhmn∂mXµ∂nXνgµν + 2ǫmn∂mXµ∂nXνBµν
)
. (21)
The source term is given by the configuration for a moving ground state winding
string:
X0 =Eτ
X9 =τ/R + 2Rσ
X i =Eyi(τ)
(22)
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where we have chosen a parameterization such that writing y˙i = vi we have E2(1− v2) =
Mˆ2 as before. In evaluating the source terms it is also crucial to include the relative shift
in the left- and right-moving zero point energies, that is to use the quantum Virasoro
constraints. This is equivalent to writing for the world-sheet metric
Tmn ≡ ∂mXµ∂nXνgµν − 1
2
hmn(h
pq∂pX
µ∂qX
νgµν)
= Jmn
(23)
where Jmn is a two by two matrix with elements equal to 2 in the case where hmn is
conformally flat. We expand the fields as
e−2φ = e−2φ + Φ
Bµν = bµν + bµν
gµν = gµν + hµν
(24)
where the barred quantities are the fields of the static solution and are given by †
b09 =
1
2
e2φ
gµν =

 e2φ
(−1 +D D
D 1 +D
)
~0
~0 ηij

 (25)
with
e−2φ = 1 +
2α
r6
D =
1
2R2
2α
r6
(26)
where r = |xi−X i(x0/E)|, α = 1/(12πω7), and ω7 is the volume of the unit seven sphere.
Although we are working in units with c = 1, the expansion we wish to perform
can be viewed as in expansion in 1/c as discussed in [8] and we will use this language
when convenient. Specifically, the corrections to the static fields are order 1/c3 and we
are assuming that the dimensionless quantities vi/c≪ 1 and 2α/(c2r6)≪ 1 (that is small
velocities and large impact parameter). It is then straightforward, although tedious, to
† The solution for R → ∞ was is given in [3], the generalization to finite R was found in [18],
and the fact that this solution correctly matches on to the string source terms is described in [19].
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solve for the corrected fields to order 1/c4. We find that the non-zero components to this
order which are needed to construct the effective action to order v2 are
bi9 =
α
2r6
[
vi + 6(~v · rˆ)rˆi
]
h00 =
α
r6
[
− 1
R2
(v)
2
+ 6
(
1 +
1
2R2
)
(~v · rˆ)2
]
h99 =
α
r6
[
1
R2
(v)
2
+ 6
(
1− 1
2R2
)
(~v · rˆ)2
]
hi0 =
α
r6
[(
−1 + 3
2R2
)
(vi)− 6
(
1 +
1
2R2
)
(~v · rˆ) rˆi
]
hi9 =
α
r6
[
3
2R2
(vi)− 6 1
2R2
(~v · rˆ) rˆi
]
.
(27)
We next construct a Lagrangian determining the motion of a second winding string
propagating in the background fields (24)-(27) produced by the first string. Using primed
variables to represent the second string we have for its action
S = − 1
2π
∫
d2σ′
(√−hhmn∂mX ′µ∂nX ′νgµν + 2ǫmn∂mX ′µ∂nX ′νBµν) . (28)
Since the strings only scatter in directions transverse to the winding direction it is useful to
dimensionally reduce the action of the primed string in the background of the first string
to a nine-dimensional particle action. In doing this we must be careful to choose a primed
string configuration such that the equations of motion of the string properly include the
effects of the momentum along the string and reduce to the correct particle equations of
motion.
Demanding that the string has unit winding and no massive oscillators excited, we
can choose worldsheet coordinates so that
X ′
µˆ
=X ′
µˆ
(τ)
X ′
9
=2Rσ + f(τ)
hτσ =0
hττ =hττ (τ)
hσσ =hσσ(τ).
(29)
Since hmn is not conformally flat in these co-ordinates the Virasoro constraint equations
(23) take a different form. Using the fact that Jmn transforms as a worldsheet tensor we
have
Tmn =
[
2e2 2e
2e 2
]
(30)
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where e =
√
[−hττ/hσσ].
We next substitute (24)-(27) and (29) into (28) and then integrate over σ to obtain
a particle-like action depending on X ′
µˆ
(τ), f(τ), and an “einbein” e and coupled to the
spacetime fields gµν and Bµ9. There are now two subtleties to take into account to ensure
that the constraints (30) are properly satisfied. First, the mass shell condition for this
ten-dimensional particle action ( the e equation of motion) is not correct as it stands: it
must be replaced with the diagonal constraint in (30). Secondly, we must enforce the off
diagonal constraint in (30). This constraint requires that the conserved momentum P 9
equals 1/R (that this is the correct value for the winding states we are considering should
not be surprising; it is the result of imposing unit winding and no oscillators in (29) and
the quantum Virasoro conditions in (30).) Since none of the spacetime fields depend on
X ′
9
we can remove this constraint by using Routh’s procedure [20] (essentially a consistent
way of substituting the values of cyclic coordinates back into a Lagrangian).
Doing this we are left with the following action:
S = −1
2
∫
dτ
[
e−1
(
X˙ ′
2 − (X˙
′
µˆ
gµˆ9)
2
g99
)
+ X˙ ′
µˆ
(
2gµˆ9
Rg99
− 8RBµˆ9)
− e(4R2g99 − 4 + 1
R2
1
g99
)
] (31)
describing a massive particle in nine dimensions interacting with a background U(1) gauge
field and scalar field. After eliminating e using its equation of motion, we can expand out
the action and substitute for the fields from (27). Writing X ′
0
= t and X˙ ′
i
= v′
i
, and
choosing the gauge t = τ , we find
S =
∫
dt
[1
2
Mˆ(v′
2
) +
1
8
Mˆ(v′
2
)2 − 2
R
α
r6
(v′
2
)+
4
R
α
r6
(v · v′)]+O(1/c5). (32)
In order to obtain the correct Lagrangian describing the motion of the two strings to
this order, we must add the terms which make the action symmetric under the interchange
of the two strings. Following this procedure, we finally find for the complete action to this
order
S =
∫
dt
[1
2
Mˆv2 +
1
2
Mˆv′
2
+
1
8
Mˆv4 +
1
8
Mˆv′
4
− α
r6
2
R
(~v − ~v′)2]. (33)
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Thus, after separating out the relative motion, we see that there is a non-trivial metric on
MHS given by
gij =
(
Mˆ
4
− α
r6
2e2φ0
R
)
δij . (34)
In this last equation, we have explicitly reinstated the factor of the string coupling constant
g2s ≡ e2φ0 which was previously taken to be unity. We then note that the metric (34) is
manifestly invariant under the duality symmetry m ↔ n, R → 1/2R, φ0 → φ0 − 12 ln 2R2
[21] as expected since the first-quantized string winding state has m = n = 1.
The metric (34) should lead to scattering which in the Born approximation agrees
with the string amplitude (19) up to the polarization dependence which we have not yet
included. We will assume that it suffices to look at scattering in which the polarization
does not change and the polarizations of the two incoming strings are orthogonal to each
other and to the scattering plane. Then to compare (19) to (34) we take the t-channel
term in (19), divide by (2Mˆ)2 to change from relativistically normalized states to the
usual normalization of non-relativistic quantum mechanics, divide by 2πR to obtain a
nine-dimensional matrix element, and Fourier transform to obtain a v2 perturbation to
the non-relativistic Hamiltonian. This gives
δH ∝ e
2φ0p2
RMˆ2r6
(35)
in agreement with (34) up to numerical prefactors which were ignored in (19).
Although we have only determined the form of the metric at large r, it is possible
to determine the form of the corrections due to the massive string states as well. This
would clearly be an onerous task if we were to proceed as above but with higher order
in α′ corrections to the spacetime Lagrangian. On the other hand the string amplitude
(17) gives the exact contribution to the scattering amplitude from all the massive modes
of the string. Expanding (17) about the t-channel poles at tˆ = 8n it is easy to see that the
no-force condition continues to be satisfied for all the massive contributions.
What is less expected is that the first massive pole at tˆ = 8 has a residue of order v2,
and thus contributes to the metric on moduli space, while the residues of all the higher
poles are of order v4 and do not contribute. At present we have no good understanding of
this rather mysterious fact.
As we mentioned earlier, in general one only expects to find an effective Lagrangian
to order 1/c2 because back-reaction effects from radiation start to appear at order 1/c3.
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As emphasized in [8] there are however exceptions to this. In purely gravitational sys-
tems radiation terms do not appear until order 1/c5 and one can thus derive an effective
Lagrangian to order v4. In addition, there is no electromagnetic dipole radiation for a
system of charges with equal charge to mass ratio and so once again there is an effective
Lagrangian to order v4. It seems likely that a similar phenomenon may occur here.
Another issue which we have not fully addressed is the polarization dependence of
scattering in the moduli space approximation. The string amplitude (17) indicates that
there are new contributions to the scattering when the polarization vectors lie partially in
the scattering plane. In string theory this dependence arises due to the presence of fermion
zero modes in the vertex operators for scattering of string states, and it seems likely that
it can be understood in the moduli space approximation by studying scattering on the
supermoduli space of heterotic string configurations.
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